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1. BBenenue

B kuwure |1, ri1. 4] paccMaTpuBaeTcs KOHCTPYKIMsT, TIPUBOJISIIASA K HEPABEHCTBAM CIIEIUAILHOTO BU/IA,
KOTOpbIe Ha3biBatoTcs HepaBeHcTBaMu Ku Pana. KpaTko BocponsBeéM 3Ty KOHCTPYKITUIO.

[Iycrs gucnia aq, as, . . ., a, npunajgexar nogyuarepsaiy (0, %] [Toctponm [ucnia al, aj, . . .a, mo
dopmysam
I JR—
a; =1—a,, (1)
rae i = 1,2,...,n. g KaxKa0il U3 TPy 9ucess MOKHO 3al1caTh X apudMEeTHIEeCKIe U IeOMeTPU-

qeckne cpemnue A,, G, A, G). B 3T0il Ke KHHUre I0KA3aHO, U9TO MMEIOT MECTO HEPABEHCTBA,
CBSA3BIBAIOIINE TH BEJININHBIL:

/ !/
Al — A, <G, — G, (2)
Gn _ A
G S Al (3)
n n
Ouu HasnIBaloTCA HepaBeHCTBaMM1 Kn CDaHa, AJIUTUBHBIM U MYJIBTUIIJIMKATUBHBIM COOTBETCTBEHHO.
a; + a;
[lepenuriiem paserncTso (1) B Gosiee ya06HOM BHjIE: —5 5 Ono o3HavaeT, 9TO TOUKH IUCTIO-

o / /
BOH OCH € KOOD/UHATAMII a; H @; CHMMETPHIHbI OTHOCHTEIbHO TOUKH 7, JPYTUMI CIOBAMIL, “THCIIA G
HOJIyUEHBI U3 YUCEJT d; C TIOMOIIBIO CUMMETPUH.

B Hacrostiiem JI0KJIa/1e pacCMaTpUBAETCS JPyroe Ipeobpa3oBaHme, & UMEHHO [apaJslie/IbHbI epe-
HOC, KOTOPBI NIPUMEHSIeTCsl K I'PYIIIE IPOU3BOJILHBIX IIOJIOKUTEIBHBIX nces. Mbl IOKaxKeM, 9TO B
9TOM CJIydae CIpPaBe/JIMBbI HEDABEHCTBA, aHAJIOTMYHbIe HepaBeHCcTBaM (2) u (3).

2. YcijoBHBIE 0003HAYEeHUA

Cpeanee apudmernaeckoe A(ay, as, ..., a,) €cTb QYHKIMA OT MHOIMX apryMEHTOB, IIPHYEM WX
HOPsIZIOK He urpaer poJu. [109ToMy MOXKHO cUHTATh, YTO APIYMEHTHI 3aIMCAHBl B HEYOBIBAIOIIEM
nopajke: 0 < a; < as < ... < a,. g Toro, 4Tobbl HE paccMaTpuBaTh TPUBHAJILHBIE CITyYam, MbI
He Oy/ieM OpaTh KOHMUIYPALUIO 47 = Uy = ... = G,. lIpu napaielbHOM IIePEHOCE PACCTOSTHUE
MeZKJIy COCeTHUME TOYKaMU He MeHseTcs. B cuity sToro ynopsiiodensstii uabop U = (aq, as, ..., a,)
XapaKTepu3yeTcss CBOMM HAMMEHBINUM YUCJIOM T = a4 U paccrogHusaMu d; = a; — x. Tenepb MOXKHO
oboznaunte U = (ai,as,...,a,) kKak U = (z | da,...,d,) win, nua kparkoctn, U = (z | d;).
Cpeanne apudnmernko-reomerpudeckue toraa 3amumeM kKak A(z | d;) nu G(z | d;). OgeBuano, 9ro
Takue OOO3HAYEHUsS MO3BOJISIIOT HaM paccmarpuBarh A(x | d;) m G(x | d;) Kak QyHKIUH OIHOTO
apryMeHTa.

3. IlpeaesabHble COOTHONIEHUS

I[lepes Tem, Kak Mbl HOJYIMM HepaBeHCTBa, cssbiBaione A(x | d;) u G(z | d;), usyunm stu
dyskmn Ha 6eckoneunocTH. IIpexe Bcero oTMeTHM, 4To CpejHue apudMeTHKO-TeOMeTPHYECKUe
HerpepbiBHbl 1ipu = > 0. st A(x | d;) 910 oueBmHO, TaK Kak

r+(x+dy)+...+(x+d dy+...+d
Alz | &) = (v + ) Etd) oy Gt td

n n

siBJIIeTCsl JInHeiHoi dyukimeit. G(x | d;) TakzKe HellpepbIBHA BCJIEJCTBHE HEIIPEPBIBHOCTH CTEIIEHHOMN
dYHKIUT 1 MHOTOYJIEHA!

Gla|d) = ¥/x-(x+dy) ... (& +ds) = (f o g)(a),

rae f(x) = Yx,ag(x) =x-(x+dp)-... - (x+d,). Tak kak nepaBencrsa (2) u (3) cBA3bIBAIOT YACT-
HOE U PA3HOCTb CPEJHUX apu(METHKO-TeOMETPUYECKUX, TO ¥ MbI [OCTAPAEMCs BHIBECTH HEKOTOPBIE
COOTHOIIIEHUS Jyist dacTHOro 1 pasuoctu A(x | d;) u G(x | d;) npu x — +oo.




Teopema 1. Cnpasedauso coomrowerue
Al ] di)
1 i Sl 74
v Gz | dy)
dy+ds+...+d,

~ 1 (4)

Joxazameavcmeo. O6osHaunM 371ech u janee S = . TIpsiMbIME BBIYUCIIEHUSIMU
IIOJIy9aeM, 9ITO "
I— Lm Az | di) _ lim (4 (x+d)+ ...+ (x+dn))/n _ r+ S |
v—too Gz | d;)  o—too /p (2 + d2 (T +dy) f’H+°° Y- (x+dy) ... (z+dy,)
1

Taxk Kak x > O, TO MbI MOXKE€M pPa3JeJIUTh YUCJAUTEIb U 3HaMeHaTe/Ib Ha X U BHECTHU — IIOJ KOPEHb.
T

[Tosryunm, gTo
1+ S5/x
= lim

T—+00 \/ . x+d2 . . z+dn

xT

Yucymrensb 1pobn 1 KarXK bl MHOKNATEIh B 3HAMEHATE e CTPEMSITCS K 1 TP T — —+00, TIO3TOMY BCS
Jpobb ctpemuTed K 1 T.e. L = 1, aTo n TpeboBajoch jjoka3aTh. ¥

Y100B! MOJIYIUTH HpejeIbHoe cooTHomenune s pasunoctu A(z | d;) u G(x | d;), Ham HyKHO
JTOKA3aTh J[BE JIEMMBIL.

JIlemma 1. Cmenenv mnozounena A™(x | d;) — G"(x | d;) ne npesocrodum n — 2.

Jloxazamenvcmeo. 3anuiieM, 9eMy PaBHBI Nn-€ cTeleHn apudMeTHKO-IeOMETPUIECKUX CPETHUX:

Az | d) = (x+8)" =Y (Ch-a"* - S =a"+n-2""- S+ a(),
k=0
G'(x|d)=x-(x+dy)-...-(x+d,) =2"+2""-S-n+B(z),

rie «(z) u [B(x) - MHOrOWIeHB crenenu, He Gosbmmeit n — 2. Torma A™(x | d;) — G"(z | d;) =
a(x) — B(z) = y(z), npudém creneHb MHOTOUWIEHA () TakKe He DOJIbIe 1 — 2, 9TO U TpebOBAIOCH
JI0OKa3aThL. ¥

Jlemma 2. Jlas ecex yeawx j € [0,n — 1] sepro caedyrowee nepasencmeo:

A Ao ‘
L W] d) G | d)

T——400 1

> 1. (5)

Jlokazamenvcmeo. I3 nepasercrsa Kormm ussectno, uro A(x | d;) > G(x | d;) > x. Torga
Az |dy)- G Yo | dy) 2 a? - a7 =2,
U TI09TOMY HEPaBeHCTBO (5) mMeeT MecTo.V
Teneps chopmyaupyemM U J0KazKeM TeOpeMy O IIpejiesie Pa3sHOCTH apu(dMeTHKO-TeOMEeTPUIECKIX
CPeHUX.
Teopema 2. Cnpasedauso caedyrouwsee pasencmeo:

lim (A(z | d;) — G(z | d;)) =0. (6)

T—-+00

Aoxasamenvcmeso. Ilo bopmyie pasHocTu n-HBIX CTENEHel nMeeM

"—b=(a—>b) (@t +a" % b+ ... +a b2+,



[Momoxum a = A(x | d;), b= G(z|d;). Torga

B Az | d;) — Gz | d;)
Al ) =G ) = G Ty T A2 [ d) -G | d) &+ Gl [ d)

PaB,ZLeJII/IM YUCJIUTEJIb 1 3HaMeHaTeJ/Ib Ha fL‘nil.

(A"(x | di) = G™(x | d;)) /2"

Alw [ di) = Gz | di) = (AN | d)) + Ar2(x | dy) - Gz | &) + ...+ G" (x| d;))/a"! (7)

ITo nemme 1 A™(x | d;) — G™(x | d;) = y(z), toe deg(y) < n — 2, mosToMy
iy Al di) — Gz | di)

T—+00 zn—1

=0,

a 970 "ncauress gpobu (7). Ho mo semme 2 kazkgoe craraemoe B 3namenatrese apobu (7)

Al | di) - G0N (x| d)

xn—l

VMeeT TI0JI0KUTEIbHBIH [Ipejies1, He MeHbINUH 1, 1oaToMy 1pu & — +00 Best 1pobb (7) cTpeMuTcst K
0 u pasencTBo (6) crpasenBo.V

MBI nostyunim npejesbabie coorHomtenust (4) u (6) aist wacrroro u pasuoctu A(z | d;) u G(z | d;).
B obounx cirydasix HaMMEHBIIEe IHCII0 T CTPEMUIOCH K +00, a OCTAIbHbIE THCIa T + d; IePEHOCHIIICH
HapaJiyIeIbHO. BBISCHIM, MOHOTOHHO JIH TP 9TOM H3MEHsIaCh (QYHKIMS PA3HOCTH U YACTHOIO.

4. N3y4denne cpeaHnxX Ha 6€CKOHEYHOCTH

Y106l TOCMOTPETH Ha XapakTep crpemiienus pasnoctn u dactaoro A(x | d;) u G(z | d;) x cBoum
npejgenaam, npoauddepeHnupyeM ux 1o x. s 3Toro HaMm morpedyeTcst eImé oHa JeMMa.

JIemma 3. O6osnavum P, (z) =z - (x +dy) - ... (x +d,). Tozda

(P = Y0 )

=1
Joxazamenavcmeo. 1lpoBesiém jmokazaTe/ibCTBO MHAYKIMeH 1o n. aga n = 2 umeem:

_ Py(x) | P(w)
= 4 _
T l’+d2

(- (x+dp)) =(x) (x+d)) +x-(x+d) =(x+dy) + 2

[IycTh Temepsb MCXOMHOE YTBEPXKIEHNE JTOKA3aHO it Beex t < n. Jlokaxkem ero u jjs t = n. Jlomuo-
KuM MHOTOWIeH P, 1(x) Ha = + d,, u upoauddepeHpyeM moyYeHHOe BbIpazKeHue.

(Pu(z)) = (Poa() - (v + dn)) = (Poa(2) - (z 4+ dn) + (Poa () - (x4 dn).

P, P, P,
[To npenostoxennto unykiwu (P, 1(1)) - (z+d,) = (— xl(x) + ;_:EZ) +.. .—i-x:_—iifi)l)'(ﬂli-l-dn) =
n—1
Pn Pn_ : dn Pn
IIO9TOMY
n—1 n
Po(z) | Pu(z) P, (z)
P ‘., P . I — =
(Paa)) ot o)+ (Paa(o) (o) = 3 220 Tl2) 9 lt),

i=1



9TO0 1 Tpe6OBaJIOCI) Joka3aTh. ¥

[lepeiiném renepsb k uddepentuposannio paznocru u dacruoro A(zr | d;) uw G(x | d;). Beegém
dyunkmmo fi(z) = A(z | d;) — G(z | d;). C yaérom Toro, uro A(z | d;) = x + S aBisercs juHeinoi
dbyukmweit, f(z) npuver Bu

1 1 1_ \ P
fix) = Az | d)—G'(z | d;) = 1—(P,(2)7) = 1_5.13”(1;)" L(P,(x)) = 1—— B Z:Hd =
1
=1-G(x|d;)-—
n :
3 1 Z": 1 1 Hr | d)
aMeTHM, YTO — riae H(z | d;) - cpejiHee rapMOHUYECKOE UYHCeT [OC/Ie/10Ba-
r+d  Hrld) " peauee Tap 8
resibHOCTH U (2 | d )
n
H(z | d;) = —.
_+x+d2 +. ”+x+dn
A w3 mepasencra Komm ussectno, uro G(x | d;) > H(x | d;), n ciydail paBeHCTBa JIOCTHraeTCst
G(z | d;
DK COBIIAJIEHUN BCEX apryMeHTOB, uTO Hac He unTepecyer. Torma fi(x) =1 — % < 0, 1 MBI
T | a;

nokazasm, aro oyuknus fi(x) = A(z | d;) — G(x | d;) moHOTOHHO yOBIBaeT Ha BCeil CBOii obacTn
OIIpEJIeJICHHSI.

Beeném tenepn dynknmio for) = ég—m Eé npousBojHast npuHIMaeT BU
z|d; A(x|d;
pey = A1) Gla | d) = Al | d) Cald) _ Ol d) = Al |4) Gy 1~ i)
’ G*(z | d;) G*(z | d;) Gz |di)

U3 nepasencra Komm corenyer, uro A(x | d;) > H(x | d;), n ciydail paBeHCTBa JOCTUTAETCS IPU

Az | dy) :
m}lﬂfg(:p) < 0.

paBE€HCTBE BCEX apI'yMEHTOB, 9TO HaC OIIATDH 2K€ HE MHTEPECYET. HOSTOMy

Buaunt, fo(r) MOHOTOHHO YOBIBAET HA CBOEH 00JIACTHU OIPE/IC/ICHUS.
U3 ipuBeIEHHBIX BBIIE PACCYK/IEHUN BHITEKAET

d;
Teopema 3. Qynxuyuu Az | d;) — G(z | d;) u % MOHOMOKHO YOLI8atom Ha ceoetll 0baacmu
X | G

onpedeserus.

5. IlapaJenbHblil IEpeHOC

B nauasie jiok/1a/a OBLIO CKA3aHO O TOJIyYeHUH HEPABEHCTB, aHAJOIMYHBIX (2) 1 (3), ¢ moMOIIbo
HapaJIeJIbHOTO TIePEHOCa BJIOJIb BEIeCTBEHHO mpsAMoil. Tak Kak mpu napaJuiebHOM IepeHoce pac-
CTOsSTHUS d; HE MEHSFOTCs, TO HOBast KoHburypanus U’ nosydennas n3 konduryparwu U caBurom
BIIPaBO Ha h, OyJIeT 3a/1aBaThCA TEMU 2Ke d; U HAUMEHBIITUM 9HCJIOM T+ h 1 OyJIeT 3alnchbiBaThCs, KaK
Uz + h | d;). Torna ayst koudurypanuit U u U’ GyyT BBIIOJHATHCS HEPABEHCTBA, aHAJIOIMIHbBIE
(2) u (3), KOTOpbIE MBI CEUAC BBIBEIEM.

Teopema 4. /[asa mobozo h > 0 umerom mecmo caedyroujue coOMmHOWEHUA:

Alw +h | d) = Az | &) <Gz +h | d;) = Gz | dy) (8)
G(z | di) Az | dy)
Gt hld) S At h|d) (9)



Az | dy)
G(z | d;)

Jlokasameavcmso. Io Teopeme 3 dynknnu A(zx | d;) — G(z | d;) n MOHOTOHHO YOBbIBAIOT HA
cBoeit obsiactu onpejesenus. Cie/loBaTeIbHO,
Az |d;)) =Gz | d;)) 2 Alx+h | d) — Gz +h|d,),
Az | d;) < Az + h | d;)
Gz |d)~ Glx+h|d)

Jutst roboro h > 0. 3uHaqnr,

Glrld) _  Al|d)
Glx+h|d) = Alx+h|d)

YTO U TPeDOBAJIOCH JIOKA3aTh. ¥

6. IIpumeneHne NMOJIyYUeHHBIX HEPABEHCTB

C moMombIo TOILKO YTO BBIBEIEHHBIX Hamu coorHomenuil qisa A(z | d;) n G(x | d;) mMoxHO
U3SIIIIHO PENIaTh HeTPUBHUAJIbHBIE U NCKYCCTBEHHO YCJIOXKHEHHBIE HEPABEHCTBA, HAIIPUMeEp,
ONA MOOBLT NONOHCUMENOHBIX 4, b, U HamMypasvHo20 N doKa3amsv, 4mo

YV@+b)-(x+b+a)-...-(x+b+(n—1)-a)— V- (z4+a)-...-(z+n—1)-a) =b (10)

Pelenne JaHHOIO HEPABEHCTBA CYETOM M PACKPBITHEM CKOOOK COBEPIIEHHO HEOUEBHJIHO, OIHAKO,
€CJIM 3aMETUTh, YTO PA3HOCTh CPEAHMX apuMETHYECKUX OT MHOMKHUTEJEeH 110J KOpHSAMEU paBHa b,
TO, TIPUMEHsIsI HepaBeHCTBO (8), MOXKHO j0Ka3arh yTBepxaeHue (10) B omun xox. Ecim K Tomy ke
cienarb b = 1, TO MOYKHO TIOJIy9UTD elé 6ojiee KPacUBYIO 3a/1ady:

ITycmov S - npoussederue nepevir N UACHOE APUPMEMUUECKOT NPOZPECCUL C NEPEBIM YAEHOM T U
NOAOHCUMENLHOT PA3HOCTNBI0, S1 - NPOU3BEICHUE NEPEYLT N UACHOE APUPMEMUECKOT NPOPECCUL C
MaKoTl JHce PAZHOCTBIO, HO € NEPEHIM UAEHOM, pasHuim T + 1. Jokaorcume, wmo /Sy — /S > 1.

Dra 3a/1a9a HIIYTh He CJIOYKHEe MPEebLIYIIeii, TaK KaK siBJISIeTCs 110 CyTH e€ mepedbOpMyInPOBKOi
ang b = 1. ExuHcTBeHHAs! CJIOKHOCTH BO3HUKAET, KOIJIa HYZKHO IOHSATH, C 9eM CBfA3aHa €JIMHUIA
B OILEHKE PAa3HOCTU. DTU JBa IPUMEpa IOKA3bIBAIOT, YTO IOJIyYeHHbIE HAMU HEPABEHCTBA MOYKHO
IPUMEHUTH B 3aJa9aX WA X COCTABJICHUH.

7. 3akJjrouyeHue

B cBoeit paboTe MbI pacCMOTPEJIU MpeJIeJIbHbIE COOTHOIIEHUST MEXKLY CPEJIHUM apudMeTudecKumM
U CPEJIHUM PeOMEeTPUIECKUM ¥ JIOKA3aJIi, YTO TPU HapaJlIeJIbHOM [EePEeHOCe BJIOJIb YUC/IOBOM MIPSIMOit
PasHOCTb MEXKJIy STUME BeJUYNHAMU CTAHOBUTCsSI GeCKOHEUHO MaJioii, a korduryparus Uz | d;)
CTAHOBUTCS IIOXOXKA Ha TPUBHAJBHYIO KoHburypamuio, /s koropoit A(z | d;) — G(zx | d;)) = 0 u
Alw | di)
Gz | d;)
dbyukm G(z | d;), KoTopast He siBIgeTCs JUHERHOM, a TobKo crpemutcsa K A(x | d;). B sTom mpo-
ABJIAIOTCH HeJIMHEHHbIe CBOWCTBaA cpejiHero reoMmerpudeckoro. [Ipu muddepennuposannn GyHKIMn
Gz | di)
H(z | d;)
9710 cpejiHne apupMeTUKO-TeOMETPUIECKUE CBSI3aHbI MEXK/Ly COOON HEpaBEHCTBAME, AHAJIOIMIHBIMU
HepasercTBaM Ku @ana n mokazain crocoObl UX TPUMEHEHUS.

= 1. Dro upoucxoaur noromy, uro Gyukuus A(zr | d;) sBisercs acCHMITOTHYIECKOH K

G(z | d;) BeIgBIICA KpacuBblil By eé npomssognoit G'(z | d;) = . Takzke MBI HOKa3aJn,
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